Molecular dynamics simulations were carried out on a series of Lennard-Jones binary mixtures of rigid, asymmetric, dumbbell-shaped molecules. Below an onset temperature, the rotational and translational dynamics split into the slow structural α relaxation and a higher frequency Johari-Goldstein β relaxation.
INTRODUCTION
The dynamics of glass-forming liquids is complex, with correlated motions taking place over various time scales that can differ by many orders of magnitude. In addition to the primary relaxation, associated with structural relaxation and the glass transition, supercooled liquids and glasses show faster secondary motions. Unique among these is the Johari-Goldstein (JG) relaxation, ubiquitous in glass forming materials including molecular liquids and polymers [1, 2] , ionic liquids [3] , metallic glasses [4, 5] , and plastic crystals [6] . The JG relaxation involves all atoms in the molecule (or polymer repeat unit) and appears even in liquids of completely rigid molecules. Unlike intramolecular secondary relaxations, the JG process is intimately related to structural relaxation and the glass transition: Several welldocumented correlations exist between the two modes of motion [7] , and at high temperatures the JG and α relaxations evolve into a single process. Based on these relationships, a series of criteria have been proposed to distinguish the genuine JG process from secondary processes of intramolecular origin [8, 9] . In the glassy state the suppression of structural relaxation usually leaves the JG process as the dominant mode of motion, whereby it may affect properties such as the mechanical response of polymers [10, 11] and the stability of biomolecules [12] and amorphous pharmaceuticals [13, 14] . Several decades after its discovery, the molecular motions underlying the JG process and the latter's coupling to the α relaxation remain unclear.
Except at very high temperatures, the process in liquids is non-Arrhenius and nonexponential. It has been well-established experimentally [15] and by molecular dynamics simulations [16] that this behavior stems from dynamic heterogeneity; i.e., the coexistence of molecules with substantially different relaxation times. This heterogeneity is spatially correlated, being organized into fast and slow regions with a characteristic size that increases on cooling or compressing, concomitant with a dramatic slowing down of the α relaxation [17, 18, 19] . Connections can be made between dynamic heterogeneity and cooperativity of the process; the latter refers to the fact that relaxation of a molecule requires rearrangement of other molecules.
Dynamic heterogeneity, dynamic correlations, and intermolecular cooperativity are inherent to the many-body interactions governing molecular motions in dense, viscous liquids, but notwithstanding their putative interrelations, the underlying concepts are not the same. Dynamic heterogeneity refers to the coexistence of molecules or regions with different relaxation times, but this dispersity does not imply anything about the spatial arrangement, or lack thereof, of molecules with similar mobilities [20] .
The latter is described by dynamic correlations; i.e., spatial correlations among molecules with similar mobilities to form clusters. Dynamic correlations are usually quantified using the four-point susceptibility 4 or associated quantities [19] . Dynamic heterogeneity and correlations usually arise from cooperativity, molecular motions exerting reciprocal influences. However, this is not necessarily the case. For example, one can imagine a local non-cooperative relaxation which shows dynamic heterogeneity and dynamic correlations-faster and slower regions over a given length scale-due to inhomogeneity unrelated to the relaxation process, such as spatial fluctuations in the molecular packing or local composition of a blend. Conversely, a process such as the relaxation of the end-to-end vector in long polymer chains is cooperative (except in dilute solution, chains cannot relax independently of one another due to physical entanglements), but yet it can be dynamically homogeneous due to averaging over the chain end-to-end length scale. In the case of the relaxation, the length scale of dynamic correlations has been invoked as a measure of a cooperativity length, or at least its upper bound [21] .
However, there are reasons to question such a direct relationship between the two quantities [22] , with cooperativity more accurately described as string-like simultaneous rearrangements [23] , particles undergoing simultaneous correlated hops [24] , or from point-to-set correlation lengths [25, 26] .
It is well-established that the Johari-Goldstein process is dynamically heterogeneous [27] . But does it also exhibit dynamic correlations and cooperativity? Dynamic correlations at the β timescale and in the region of the α-β crossover have not heterofore been studied, and the degree of cooperativity involved in the JG relaxation remains an open question. In Johari's "islands of mobility" interpretation, the JG process is due to noncooperative, small amplitude rearrangements of molecules located in loosely packed regions [28] . However, Johari and Goldstein in their original papers describing the process ascribed it to rearrangements of "at least one, but probably several molecules" [1] , which admits the possibility of cooperativity. The high activation energy and activation entropy of the JG process in the glassy state have been interpreted as indicative of some degree of cooperativity [29, 30] ; to distinguish this type of cooperativity from that exhibited by the α process, the former has been termed "locally coordinative" [31] . By similar arguments, it has been concluded that the range of barrier heights for the JG relaxation overlaps, but may be somewhat lower than, those for the relaxation [32] . Random firstorder theory [33] ascribes the JG process to rearrangements of string-like clusters of molecules. Some degree of intermolecular cooperativity is implied indirectly by NMR measurements of binary mixtures [34] and organic phosphate glasses [35] , and also can be inferred from the effect of immobilized particles on the high-frequency mechanical response of a simulated Lennard-Jones system [36] .
In this work we use molecular dynamics simulations to investigate dynamic heterogeneity of the β process, to determine its relation to heterogeneity of the α relaxation and whether the former is also associated with dynamic correlations. We simulate a family of rigid, asymmetric, dumbell-shaped molecules studied previously [37, 38] ; these comprise one of the simplest molecular models that captures the characteristics observed experimentally for the JG process. The simulated system shows β dynamics that by its definition of involving all parts of the molecule is a JG relaxation. This process shows many of the correlations experimentally observed: merging with the α process at high temperatures, a change in behavior when traversing the glass transition temperature T g , temporal separation from the α relaxation that correlates with the breadth of the α dispersion, and sensitivity to both pressure and physical aging. These characteristics suggest that this process has the same physical origin as the JG relaxation in real materials, so that conclusions drawn from our simulations can be extended to the latter.
METHODS
Simulations were carried out using the HOOMD simulation package [39, 40] . The systems studied are binary mixtures (4000:1000, labeled AB and CD) of rigid, asymmetric, diatomic molecules. Atoms belonging to different molecules interact through the Lennard-Jones potential
where r is the distance between particles, and i and j refer to the particle types qualitatively identical results [37] . The time step was Δt = 0.005. Data were collected at each temperature after an equilibration run several times longer than the structural relaxation time. At low temperatures structural relaxation is extremely slow, whereby the translational and orientational correlation functions do not decay to zero over the duration of the simulation; i.e., the system is out of equilibrium. For these conditions we increased the equilibration time, until neither significant drift in the volume nor aging of the translational and rotational correlation functions was observed; the residual motion of the molecules at these temperatures takes place within a non-equilibrium, but essentially static structure.
The glass transition occurs in the simulations when the α relaxation time is much longer than the total (equilibration and production) simulation time at a given temperature, which is about t max ∼10
6
. This is about 7 orders of magnitude slower than the vibrational relaxation times, which for a real liquid corresponds to timescales in the range 10 -5 s range, much shorter than the ca. 100 s for the usual experimental glass transition.
RESULTS AND DISCUSSION

Dynamic correlations
The dynamics of these same diatomic molecules have been discussed previously in refs. 37 and 38. From the instantaneous value of the self-intermediate scattering function
where ( ) is the position of the center of mass of the j-th molecule, we calculate the average value (k, ) = 〈 (k, )〉, used to study the translational dynamics of the molecules, and the four-point
which describes dynamic correlations. We take = , the position of the first maximum in the center-of-mass radial distribution function. The absolute values of the four-point susceptibility depend on the thermodynamic ensemble (NVT herein); however, the shape of the function is similar for different ensemble, describing essentially the same physics [43] .
The self-intermediate scattering function is shown in the lower panels of Figs. 1 and 2 for molecules with bond lengths d=0.5 and 0.6. Translational dynamics shows very similar behavior to the rotational dynamics discussed in refs. [37, 38] . At short times there is a small decrease of ( , ) corresponding to oscillations within the cage formed by neighboring particles, at a temperature-independent timescale ∼ 0.1. At high temperatures then decays to zero via a single step. Below an onset temperature the relaxation occurs in two steps: a shorter time and a longer time process. The latter appears as a long-time tail, which grows in strength with decreasing temperature at the expense of the intensity. At even lower temperatures, the relaxation time is much larger than the simulation time;
the system is in a non-equilibrium glassy state. Nevertheless, relaxes significantly; the magnitude of the non-zero plateau value increases with decreasing temperature.
The four-point susceptibility 4 ( ) is shown in the upper panels of Figs artifacts from omission of a proportionality constant in its relation to max χ 4 (t) [44] .)
There is a systematic effect of molecular shape on the behavior of . With increasing bond length, the primary relaxation becomes less correlated; i.e., is smaller for a given state point or value of .
Conversely, the weak dynamic correlations at the process timescale become larger for a given with increasing bond length (inset of Fig. 3) , both in the liquid and glassy states, consistent with the increase in β activation energy.
Relationship between α and β heterogeneity
We now investigate the relationship between heterogeneity of the α and β processes. We ask, for example, whether molecules with a fast process also have a fast process. This requires a way to distinguish fast and slow molecules. To do this we define a single-molecule rotational correlation function, in an analogous way to those calculated from experimental data on single-molecule relaxation [45] . To capture dynamic heterogeneity, we average only over a finite time interval [0, t ave ]:
The value of requires some consideration. If must be long enough to yield an adequate signal to noise ratio, but short compared to the lifetime of the heterogeneity or to the timescale ℎ over which mobility exchange takes place and dynamic heterogeneity dissipates. When ≫ ℎ , ergodicity of the system implies that the single-molecule 1 ( ) will become equal to the average correlation function for the ensemble
Unfortunately, it is not always possible to find a suitable averaging timescale; however, for sufficiently wide separation of the relaxation times, ≫ , we found that = /2 gives good results. In the following we present data only for the molecule with d=0.5 at the lowest temperature in the liquid state (T=0.5), where the separation of the two processes was largest. Representative single-molecule correlation functions are shown in Fig. 4 . To extract single-molecule relaxation times and strengths, we fit the portion of the 1 ( ) curves from = 1 (longer than vibrational timescale) to = with the sum of two exponentials
This is not intended to provide an accurate description of the single-molecule correlation function; eq.
(6) is employed to obtain an estimate of the relaxation times and relative intensities for the two processes. The noise in the data does not allow any firm conclusion about whether the individual relaxation functions are exponential, although the data are compatible with that assumption. From the fits we obtain single-molecule values of the relaxation times and intensities for every molecule.
We find broad distributions of and , indicating strong dynamic heterogeneity at the timescales of both processes. The dynamics also exhibit heterogeneity in a different way: the distributions of the intensities of the two processes are also broad. We can look for correlations between these distributions. The distributions ( ) and ( ) of the two relaxation times and the correlation between them are shown in Fig. 5 in the format used by Böhmer et al. in ref. [51] . No correlation is found; the two relaxation times are independent. On the other hand, the relaxation strengths of the two processes are well correlated. Since the relaxation function is normalized from 0 to 1, the latter correlation is trivial, and follows from the fact that the vibrational amplitude
is small and does not vary much among molecules. We also examine the correlation between relaxation strength and relaxation time for each process (Fig. 6 ). These are moderately correlated (R=0.63) for the α process: molecules with a more intense α process also tend to have longer . For the JG process, the β relaxation strengths and are uncorrelated, as found previously for the glassy state [37] .
We can visualize these correlations in a different way by defining dynamically distinguishable subsets of molecules and observing the dynamics of those subsets at various time scales. We define four subsets, labeled slow-α, fast-α, slow-β and fast-β, as the 5% of AB molecules having the longest/shortest and , respectively. In Fig. 7 we show the imaginary part ′′ of the dynamic susceptibility
as a function of frequency (for an averaging time of 2.5 × 10 5 ) for the four subsets. Also displayed is the average dynamics for all molecules. The slow-α subset has significantly stronger α and weaker , which
shows the coupling between and the relaxation strengths; however, the relaxation time and shape are the same as for the average dynamics. As expected, the α relaxation of the slow-α and fast-α subsets is also narrower than the ensemble average α process (stretching exponents = 0.86, ~1 and 0.73 for the slow-α, fast-α and ensemble average, respectively). On the other hand, slow-β and fast-β molecules have the same α-relaxation strength and α-relaxation time as the average value, indicating decoupling of the β relaxation dynamics of individual molecules from the mean α-relaxation behavior.
The presence of strong heterogeneity but only very weak dynamic correlations at the β timescale means there can be no well-defined regions with fast or slow β dynamics. Rather, the relaxation time is randomly distributed spatially, with no characteristic length scale. Since the α process is strongly dynamically correlated, this implies a lack of correlation between the α and β distributions of relaxation times, as indeed is found. This is because if there were a strong correlation between these distributions, then any dynamic correlations and spatially resolved regions with distinct dynamics would be similar at the two timescales. Note that an analogous disconnect between fast, local motion and slow, cooperative dynamics is observed in colloidal suspensions [46] . Ions conduction exhibits similar behavior: At short times there are fast and slow diffusing species, with dynamic exchange occurring at longer times [47] .
It is surprising that despite the plethora of correlations between the average α and β relaxation times, the single-molecule τ α and for a given state point do not correlate. For example, the widths of the two relaxation peaks, related to the breadth of the distributions of relaxation times, are not correlated for different materials, as seen in the data collected in ref. [48] . Also among different materials, the breadth of the distribution of α-relaxation times exhibits no correlation to dynamic heterogeneity [49] .
Experimentally it is challenging to determine directly whether there is a correlation between the two distributions. Böhmer and coworkers, using an NMR method simultaneously sensitive to dynamics at both timescales, found evidence consistent with a correlation of the two distributions [50, 51, 52] . At first this seems incompatible with the present simulation results. However, we also find heterogeneity in the relative strengths of the and processes, which was not considered in the interpretation of the NMR measurements. However, it is important to note that there is a correlation of the strengths with the α relaxation time: molecules with a stronger β and weaker α process have a faster α process. NMR is not able to probe directly the correlations of and . Instead, essentially a subset of molecules is selected that is able to relax significantly at a timescale comparable to but smaller than . These molecules are interpreted as a subset with a faster process, and the dynamics of this subset, followed at longer times, is found to have a shorter τ α . We carried out an analogous procedure using the simulation data: Fig. 8 shows the dynamics of a subset of molecules corresponding to the 10% with the smallest value of 
Lifetime of heterogeneity
From the dynamics of the subsets described previously (slow-α, fast-α, slow-β and fast-β), we can determine the timescale over which the heterogeneity of the α and β processes dissipates. Increasing the averaging time, the dynamics of all four subsets gradually revert to the average dynamics, since the system is ergodic. Fitting the relaxation functions with the sum of a time-domain Cole-Cole function and a stretched exponential for the respective β and α processes, we obtain the relaxation times and intensities as a function of averaging times shown in Fig. 9 and 10. With increasing averaging time, as the heterogeneity of the α relaxation dissipates (slow-α and fast-α subsets), the relaxation strengths and approaches their average values. For the heterogeneity of the β process (slow-β and fast-β subsets),
we follow as a function of averaging time. We define the lifetime of heterogeneity ℎ as the averaging time at which the relaxation strengths recover 1/e of the difference between the initial (un- In sum, the JG relaxation has connections to the α process, but these do not unambiguously support the idea that the JG serves as the precursor to structural relaxation. In particular, the respective magnitudes of τ JG and τ α for individual molecules show no evidence that the former "become" the latter.
The manner in which short time, local dynamics evolves into low frequency relaxation processes is more complex, and understanding this is obviously essential to a first-principles solution to the long-standing problem of the glass transition. 
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